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We formulated a field theory in terms of localized basis functions in space-time elements, obtained by dividing the space-
time continuum. The differentiable scalar basis function was multiplied by the rotationally symmetric coefficient. Using
the formalism mapped to continuum theory with the corresponding ultraviolet cut-off energy, the cosmological constant was
related to the cut-off energy of the quadratic Higgs self-energy. Using current particle-cosmological data, this study determines
the Minkowski cut-off energy. Examinations find, in the literature, an experimental cosmic-ray break called the knee at about
3 PeV, which agrees with this theoretical ultraviolet cut-off energy. The origin of cosmic rays is understood astrophysically
below 1 PeV, while it is unclear above 3 PeV. By analogy to solid state physics, the additional energy contribution from basis
functions may give the tail to the energy spectrum above the cut-off energy. The basis functions reproduce experimental
spectra above the ultraviolet cut-off energy. The knee is caused by the diffuse scattering of cosmic rays by the irregular lattice
of space-time. Because this diffuse scattering leads to large scattering angles of particles with a tiny/zero rest mass, this theory
is consistent with the absence of any experimental detection of photons and neutrinos beyond about the knee energy.
1 Introduction
In the current theoretical physics and cosmology, some of the fundamental problems known are (1) the construction of a
consistent field theory without ultraviolet divergences, (2) the identification of dark matter, (3) revealing the origin of the
cosmological constant, and (4) removal of the quadratic divergence of Higgs self-energy. A Poincare´ covariant field theory
without ultraviolet divergences was formulated [1–5] by dividing the space-time continuum into space-time elements of arbi-
trary shaped hyper-octahedrons, which means the space-time quantization. At present, this theory is regarded as a fundamental
principle with a fundamental constant of the ultraviolet cut-off energy. It depends on the science stage, particularly, on the
experimentally achievable energy level, whether this principle should be derived from a more fundamental theory beyond the
cut-off energy. The present formalism [1, 4] is based on the finite-element method [6], which is widely used and well-posed
in the continuum limit. Each hyper-octahedron in the Minkowski or Euclidean space-time continuum is mapped to a hyper-
cube in a parameter space [1, 4], and this one-to-one map has non-vanishing Jacobian because of the non-existence of point
particles. Fields are expressed in terms of localized step-function-type basis functions defined in this hyper-cube. The basis
function is scalar [1,4] and multiplied by the coefficient, which is scalar, vector or tensor depending on the corresponding field
type. The integrable step-function-type basis function is a kind of indicator functions with an integral element in the Riemann
integral contained in the Lebesgue integral, and the action has the same integral continuum limit as the continuum theory. The
formalism is differentiable, because the derivative can contain the Dirac delta function. This formalism in the tangent space
of the curved space-time continuum is transformed to another coordinate system without difficulty. In the present quantized
space-time element formalism fields propagate in the space-time continuum with restricted degrees of freedom.
For the consistency of general relativity with field theory, the subtracted mass term, with ultraviolet divergent properties in
the renormalization [7–13], is included into the cosmological constant [14–30] denoted by Λ. Since it was shown in Ref. [5]
that zero-point energies do not exist in the expanding universe due to the lack of the periodicity at boundaries, the cosmological
constantΛ in the present quantized space-time element formalism contains solely the self-energy that is dominantly contributed
from the quadratic Higgs term. Consequently, the Higgs self-energy, containing the cut-off energy, determines the ultraviolet
cut-off energy (and length). The present formalism thus gives a possible solution to the current four problemsmentioned at the
∗E-mail: km.fukushima@mx2.ttcn.ne.jp Phone: +81-90-4602-0490 Phone/Fax: +81-45-831-8881
1
beginning of this section. We add that the dark matter in the problem (2) may be the chromodynamical vacuum as described
in Ref. [5]. The ultraviolet cut-off energy, which is determined theoretically from the present quantized space-time element
theory by mapping the theory to the continuum theory with the corresponding cut-off energy, is in the regime around 3 PeV.
Meanwhile, the ultraviolet cut-off energy of the present theory is much higher than the accelerator-experiment energy of about
104 GeV at present.
This paper is then aimed at exploring a possible relation of the present quantized space-time element theory with the
features of the cosmic-ray energy spectrum. The ultraviolet cut-off energy is first examined in detail, considering the structure
of the main composition of a proton of hydrogen in the universe with the help of the current particle data for up quark and down
quark, as well as the corresponding cosmological data for the dark matter and vacuum energy expressed by the cosmological
constant Λ. For experimental data analysis, the ultraviolet cut-off energy in Minkowski space is distinguished from that in
Euclidean space. Subsequent study then precisely predicts the ultraviolet cut-off energy by the present quantized space-time
element theory and concentrates on the relation between the predicted cut-off energy of about 3 PeV and experimental data of
the cosmic-ray energy spectrum. It is found in the literature that the experimentally observed energy spectrum of the cosmic-
ray flux per unit energy shows a break, called the knee, at the corresponding energy of about 3 PeV. Namely, cosmic rays
decrease in the form of a power law (Ec)
−s with s being the spectral index as the cosmic-ray energy Ec increases, showing a
change toward an enhanced decline beyond the knee energy. It is found that the theoretical cut-off energy coincides with the
experimental knee energy, at which a break of energy spectrum of cosmic rays occurs.
The origin of the cosmic ray with energies less than about 1× 1015 eV is understood by astrophysical studies. In contrast,
for the case of decreased observable events for energies higher than the knee energy, acceleration mechanisms and the origin
of cosmic-ray composite particles are not clear. If the energy of basis functions contributes to the energy spectrum by analogy
to solid state physics, this contribution may emerge as tail energies beyond the cut-off energy. The basis functions employed
reproduce the energy spectrum with an enhanced slope between the ultraviolet cut-off energy at the knee and the energy of
about 3× 1018 eV, called the ankle, and also the spectrum with a suppressed slope above the ankle energy. It is found that the
diffuse scattering [31] of cosmic rays from the disordered lattice of the space-time elements causes the knee. In the theory of
this paper, the space-time elements of an arbitrary-shaped hyper-octahedron, derived by dividing the space-time continuum,
form a somewhat disordered lattice. By analogy to the diffuse scattering of a wave function from a disordered lattice in solid
state physics, cosmic rays will be scattered by a disordered lattice of the space-time elements. The scattering angle of a light
particle is larger than the heavy particle, as is shown in Sec. 3. Large scattering angles give rise to the deviation of cosmic-ray
particles from the straight orbit to the Earth. The diffuse scattering causes the spectrum break of cosmic rays at the ultraviolet
cut-off energy (knee energy) with the fall-off of light particles. Beyond the knee energy, large scattering angles of neutrinos
and photons cause the large losses of these particles in the propagation to the Earth. This possibility raised by the theory of this
paper is consistent with the experimental data that neutrinos and gamma rays are not observed for energies beyond about the
knee energy as follows [32]: It was expected [33] that neutrinos beyond the knee energy would be detected, because neutrinos
and gamma rays were thought to be produced by collisions of cosmic rays with the cosmic microwave background (CMB) at
ultra-high energies around the Greisen-Zatsepin-Kazumin (GZK) limit of 5× 1019 eV [34, 35], and neutrinos propagate and
reach the Earth due to extremely weak interactions of neutrinos with interstellar particles.
Furthermore, if the distribution of the cut-off energy caused by the arbitrary shape of the space-time elements is admitted,
the additional contribution might be added to the energy spectrum beyond the cut-off energy. The energy spectrum below
the ultraviolet cut-off energy at the knee is understood as the diffusive shock acceleration (DSA) by astrophysical studies on
such with the spectral index s = 2 of the slope at innergalactic remnants of a supernova (star explosion) [36–40], and other
additional mechanisms, which enhance the spectral index [40–45]. The investigation of the spectrum origin in this low energy
regime is not the main objective of this article. This paper adds a theoretical trial view on the spectrum-slope enhancement in
this regime, using the Fourier deconvolution/convolution. Below the cut-off energy, a certain amount of the enhanced slope in
the spectral index from 2 may be due to the evolution-time dependent acceleration rate as a function of the mean velocity of
the shock wave. Additionally, other mechanisms such as the possible interstellar diffusion different from the diffusive shock
acceleration may contribute to the slope enhancement.
This article is organized as follows: Section 2 describes the ultraviolet cut-off energy derived from the present quantized
space-time element theory. Subsequently, Sec. 3 compares the theoretical ultraviolet cut-off energy with experimental cosmic-
ray data. Then, the basis functions employed by the present theory that leads to the diffuse scatting reproduce the energy
spectrum above the ultraviolet cut-off energy, followed by conclusions in Sec. 4. (Regarding the energy spectrum below the
cut-off energy, a trial view is presented in Appendix using the Fourier deconvolution/convolution.)
2 Formalism for ultraviolet cut-off energy
In Refs. [1–5], a Poincare´ covariant field theory without ultraviolet divergences was formulated. This formalism divides the
space-time continuum into space-time elements such as hyper-octahedrons with individual arbitrary shape. Fields such as
2
ψ(x) are expressed in terms of localized step-function-type basis functions Ω˜4p(x) of the form, such as in four dimensions,
ψ(x) = ∑
p
ψpΩ˜
4
p(x), (1)
where the time and space coordinates are denoted as x = (x0,x1,x2,x3) = (ct,x,y,z), with c being the velocity of light [46].
Each basis function with index p has a value of one (unity) in the individual space-time element such as hyper-octahedrons,
and vanishes out of this element. In this formalism, fields propagate in the space-time continuum with restricted degrees of
freedom. Among electromagnetic, weak and strong interactions, the leading self-energy is the quadratic Higgs term. We
are concerned with the relation between this self-energy and general relativity, described by the following Einstein field
equations [47] with µ ,ν = 0,1,2,3
Rµν − 1
2
gµνR =
8piG
c4
Tµν . (2)
Here, G is the gravitational constant; Tµν is the energy-momentum tensor; and gµν is the metric tensor, whose special form
for Minkowski space is given by
gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (3)
In Eq. (2), the scalar curvature R is sequentially defined from the Riemann curvature tensor R
ρ
µρν as
Rµν = R
ρ
µρν , (4)
R = gµνRµν . (5)
We expressed the mass term with the ultraviolet divergence, and in the renormalization this term is subtracted from the
Hamiltonian in the form
T
(S)
µν =
c4
8piG
gµνΛ
(S). (6)
For the consistency of general relativity with field theory, the subtracted mass term of Eq. (6) is explicitly expressed in Einstein
field equations of Eq. (2), giving
Rµν − 1
2
gµνR =
8piG
c4
(
Tµν −T (S)µν
)
. (7)
Using Eq. (6), the above equations are rewritten to
Rµν − 1
2
gµνR+ gµνΛ
(S) =
8piG
c4
Tµν , (8)
which implies that Λ(S) can be regarded as the cosmological (vacuum energy) constant Λ, yielding
Rµν − 1
2
gµνR+ gµνΛ =
8piG
c4
Tµν . (9)
In Ref. [5], the cosmological constant was related to the quadratic Higgs self-energy, which is larger than other self-
interactions in electromagnetic, strong and weak interactions. In the present quantized space-time element theory, gravity is
weak because of the small cut-off energy compared to the Planck energy. In Ref. [5], it was shown that zero-point energies
cannot exist due to the inconsistency with the lack of the periodicity at boundaries in the expanding universe. Since the
main component of baryonic matter is protons in hydrogen, the dominant contributions to the Higgs self-energy are loops of
fermions (up and down quarks) interacting with the Higgs field. The squares of the self-energy of the Higgs field in natural
units with h¯ = 1,c = 1, where h¯ is the reduced Planck constant and c is the velocity of light, is written by
|EH|2 = 1
8pi2
(|λu|2+ |λu|2+ |λd|2)
(
∆
(E)
E
)2
, (10)
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where ∆
(E)
E is the Euclidean ultraviolet cut-off energy, and λu and λd are the coupling constants of the Higgs field with up
quark and down quark, respectively, given by
λu =
√
2
v
mu, λd =
√
2
v
md. (11)
Here, mu and md are masses of up and down quarks, respectively; and v is the vacuum expectation value of the broken Higgs
field.
The vacuum energy, which is measured by the proton energy, expressed in terms of the cosmological constant Λ is denoted
by
EΛ =
Ω∗Λ
Ω∗m
mP, (12)
where Ω∗m and Ω∗Λ are fractions of the matter energy and vacuum energy, which is expressed by the cosmological constant Λ,
to the total energy of the universe, respectively; mP is the proton mass energy. It is well known that the masses of three quarks,
composing a proton with the mass mP, are quite small. Using mu and md, the following ratio is defined by
γP =
mP
mu+mu+md
. (13)
Then, Eq. (12) is rewritten by
EΛ =
Ω∗Λ
Ω∗m
γP(mu+mu+md). (14)
By equating EΛ in Eq. (14) to EH in Eq. (10) and using Eqs. (11)-(13), it follows that
1
2piv
(m2u+m
2
u+m
2
d)
1/2∆
(E)
E
=
Ω∗Λ
Ω∗m
γP(mu+mu+md), (15)
and we derive the following theoretical Euclidean cut-off energy
∆
(E)
E = (2piv)
Ω∗Λ
Ω∗m
γP
(mu+mu+md)
(m2u+m
2
u+m
2
d)
1/2
. (16)
Usually, the above ultraviolet cut-off energy is used in Euclidean space, obtained by the analytic continuation with Wick
rotation from Minkowski space. The energy in Minkowski space EM is replaced by EE, and the absolute value of the cut-off
energy |∆(E)E | in Euclidean space may be equal to the cut-off energy ∆(E)M in Minkowski space. Despite this expectation for
the cut-off energy, the following possibility is deduced for the ultraviolet cut-off energy in Minkowski space. The energy in
Minkowski space is written by
EM = [(m0)
2+ |p|2](1/2), (17)
where m0 is the rest mass; and p is three-dimensional momentum, while the squared length of the four-vector composed of
Euclidean energy and momentum becomes
(EE)
2 = (EM)
2+ |p|2 = (m0)2+ 2|p|2. (18)
This equation for large kinetic energies with the corresponding large |p| is approximated as
(EE)
2 ≈ 2(EM)2, (19)
yielding
EM ≈ (1/
√
2)EE. (20)
We then set
∆
(E)
M = (1/
√
2)∆
(E)
E , (21)
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for the ultraviolet cut-off energies ∆
(E)
M and ∆
(E)
E for Minkowski and Euclidean spaces, respectively.
This section finally gives an additional description concerning the ultraviolet cut-off length. Figure 1 shows the wave
function in terms of step-function-type basis functions of x coordinate. The one-dimensional space continuum is divided into
space elements of the region ka− (a/2)≤ x < ka+(a/2), where a is the lattice spacing with k = 1,2,3, · · ·, and lattice points
are located at ka. A one-dimensional step-function-type basis function is defined by
Ω˜Ek (x) =


1 for ka− (a/2)≤ x < ka+(a/2)
0 for x < ka− (a/2) or x ≥ ka+(a/2)
.
(22)
It is noted that the above basis function is a kind of indicator function with integral element for the Riemann integral included
by the Lebesgue integral and is therefore integrable. Because the derivative is expressed by the Dirac delta function, this basis
function is also differentiable. The wave function ψ(x) is expressed in terms of basis functions in Eq. (22) as follows:
ψ(x) = ∑
k
ψkΩ˜
E
k (x). (23)
The wave function is constant in the region of each space element. Figure 1 indicates that one elementary wave such as a sine
wave in the quantized space needs at least four lattice points.
✲
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Figure 1: One elementary wave in the quantized space, where the symbol a is the lattice spacing in the continuum space.
3 Theoretical ultraviolet cut-off energy and cosmic-ray spectrum compared with
experimental data
This section compares properties of the present quantized space-time element theory with the experimentally observed cosmic-
ray spectrum. In particular, the ultraviolet cut-off energy was calculated by the present theory, described in Sec. 2, using
the current particle and cosmological data in Ref. [48], and was compared with experimental spectra. The data used are
Ω∗Λ = 0.694, Ω
∗
b = 0.0483, mu = 2.2 MeV, md = 4.7 MeV, mP = 938.272 MeV, v = 246.22 GeV [49], where Ω
∗
b is the energy
fraction of baryon to the total universe energy. Then, the present quantized space-time element theory derived the theoretical
Minkowski cut-off energy ∆
(E)
M = (1/
√
2)∆
(E)
E (= 7.5× 10−8 fm) = 2.6 PeV≈ 3 PeV.
Meanwhile, experimentally cosmic rays, which are thought to be produced by remnants of a supernova (star explosion),
show the following energy spectrum. The energy spectrum of cosmic rays rises with increasing cosmic-ray energy for low
energies and has a peak at the energy E0 ≈ 108 eV followed by a decline in the form of (Ec)−s, where Ec is the cosmic-ray
energy and s is the spectral index. The spectrum has the form ≈ E−2.7c for Ec ≤ 3× 1015 eV, while it changes to the form
≈ E−3.0c for Ec ≥ 3× 1015 eV. Namely, the spectrum break occurs at the energy Ec ≈ 3× 1015 eV, called the knee. (The
spectrum for energies less than the energy of about 1015 eV is understood by astrophysical studies, while the origin of the
spectrum beyond the energy of about 3× 1015 eV is not clear.) Then, the theoretical ultraviolet cut-off energy of about 3
PeV, derived from the present quantized space-time element theory, coincides with the experimentally observed knee energy
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of about 3 PeV. Thus, there is a possibility that the space-time continuum is quantized at the knee energy of 3 PeV, which is
specified from the ultraviolet cut-off energy.
On the other hand, the origin of cosmic rays with energies higher than the ultraviolet cut-off energy of about 3 PeV at
the knee is unclear. Now, let us consider the relation of properties of the present quantized space-time element theory with
the experimental energy spectrum. Theoretically, the cut-off energy is fixed, although the space-time elements of hyper-
octahedrons obtained by dividing the space-time continuum have arbitrary shapes. The present quantized space-time element
theory further gives a possibility that if the energies of the basis functions in Eq. (1) are considered, these energies may exhibit
tail energies beyond the cut-off energy and may correspond to the cosmic-ray energy spectrum beyond 3 PeV at the knee. The
flux per unit energy of cosmic rays, composed of particles such as protons, is denoted by
Fc(x,Ec) ∝ ρ(Ec)|ψkµ (x)|2, (24)
where ρ(Ec) is the density (spectrum) as a function of the (such as proton) energy Ec in the usual four-momentum kµ . It is
noted that in the present quantized space-time element scheme, the main spectrum ρ(Ec) is restricted to the energy regime less
than the ultraviolet cut-off energy of about 3 PeV at the knee.
For the treatment of the space-time continuum with the additional discrete lattice structure in the present formalism, this
formalism uses the analogy of solid state physics, which deals with crystal structure in the space continuum. In solid state
physics [50, 51], the wave function of an electron is a function of each point of the space continuum. A lattice system of grid
points at atomic positions with a lattice spacing as is added to this space continuum. Then, the static wave function in one
dimension is restricted to the following form of the Bloch function expressed by
ψs,ks(x) = [exp(iksx)]us,ks(x), (25)
where x is a point of the space continuum, ks is the momentum, and us,ks(x) is a static periodic function that satisfies, for the
lattice spacing as,
us,ks(x+ as) = us,ks(x). (26)
Using the one-dimensional vector Gn = 2pin(1/as), with n = 0,1,2, · · ·, in the reciprocal lattice space, Eq. (25) yields
ψs,ks(x) = exp[i(ks +Gn)x]{[exp(−iGnx)]us,ks(x)}
= {exp[i(ks +Gn)x]}u˜s,ks(x). (27)
Here, the above u˜s,ks(x) denoted by
u˜s,ks(x) = [exp(−iGnx)]us,ks(x), (28)
satisfies, with aid of exp(−iGnas) = 1,
u˜s,ks(x+ as) = u˜s,ks(x), (29)
which means u˜s,ks is also a periodic function as us,ks in Eq. (26). It is noted that Eq. (25) with Eq. (26) has the same
form as Eq. (27) with Eq. (29), implying the momentum ks+Gn is essentially equivalent to ks. Therefore, ks is reduced
to −pi/as ≤ ks ≤ pi/as, and pi/as is regarded as a cut-off momentum. Since us,ks in Eq. (25) is a function of vectors Gn
in the reciprocal lattice space, the energy spectrum of an electron is a function of the momentum ks, which is reduced to
−pi/as ≤ ks ≤ pi/as, and Gn. In the energy spectrum, the spectrum break occurs at a momentum-space point corresponding
to the ultraviolet cut-off momentum, and this break becomes somewhat unclear when the lattice is somewhat disordered. This
us,ks is expressed by the Fourier series with respect to the corresponding momentum Gn, which becomes the Fourier transform
for a large energy scale. The wave function with the same translation symmetry as Eq. (25) is also written in the form
ψs,ks(x) =∑
lms
exp(ikslms)χ(x− lms), (30)
where χ(x) is a localized function, and lms = msas are lattice points with ms being integers.
Now, the above theory in solid state physics is applied to the space-time continuumwith the additional lattice in the present
formalism. By analogy to Eqs. (25) and (30), the wave function ψkµ (x) of a composite charged particle such as a proton in
Eq. (24) is written in an approximated form in terms of localized basis functions Ω˜4p as follows:
ψkµ (x)≈∑
p
exp(−ikµ lµp )Ω˜4p(x)
6
= ∑
p
exp(−ikµ lµp )Ω˜4(xµ
′− lµ ′p ), (31)
where l
µ
p (the notation µ
′ is essentially identical to µ) is the four-dimensional vector representing the center of each space-
time element of hyper-octahedrons indexed by p. In the limit as the lattice spacing (distance between nearest-neighbor hyper-
octahedrons) approaches zero, the position l
µ
p becomes the quantity corresponding to the coordinate x
µ . The function Ω˜4 for
Ω˜4(xµ − lµp ) = Ω˜4p(x) has the form of the basis function that is translated to the position corresponding to the coordinate origin.
The wave function ψkµ (x) has the value proportional to exp(−ikµ lµp ) at the position lµp . In a special case for Eqs. (1) and
(23), solely a single basis function can be excited. Namely, the coefficient for this assigned basis function takes one (unity),
while coefficients for the other basis functions vanish. The localized basis functions, such as those in Eq. (22), used here have
properties Ω˜4p(x)Ω˜
4
q(x) = or ≈ 0 for p 6= q, and |Ω˜4p(x)Ω˜4q(x)| = or ≈ |Ω˜4p(x)|2 for p = q. Then, using Eq. (31), the absolute
square of the wave function in Eq. (24) results in
|ψkµ (x)|2
= |∑
p,q
exp[−ikµ(lµp − lµq )]Ω˜4(xµ
′ − xµ ′p )Ω˜4(xµ
′ − xµ ′q )|
≈∑
p
|Ω˜4(xµ − lµp )|2, (32)
reducing the flux per unit energy in Eq. (24) to
Fc(x,Ec) ∝ ρ(Ec)∑
p
|Ω˜4(xµ − lµp )|2. (33)
The practical form of the basis functions is now presented for use in the energy regime higher than the ultraviolet cut-off
energy at the knee. When the time dependence of the localized basis function Ω˜4(x) is approximated by the Gaussian function
exp[−(b/2)|t|2], as an example, the dependence of exp(−b|t|2) (squared Gaussian function) on the cosmic-ray energy Ec
is [(1/(2b)1/2]exp[−(Ec)2/(4b)]. While referring to this Gaussian function as a sample example, the time dependence
of the localized basis function Ω˜4 is practically approximated by Bt(t). In the present quantized space-time element theory
scheme, the basis functions give the spectrum of cosmic rays for energies higher than the cut-off energy. Then, the absolute
square of the time-dependent localized basis function B
(2)
t (t) = |Bt(t)|2 for charged particles in this case is formulated in terms
of localized functions B
(2)
I,t (t) with I = 1,2, by denoting as
B
(2)
t (t) =C1B
(2)
1,t (t)+C2B
(2)
2,t (t), (34)
where C1 and C2 are normalized weight constants such as C1 =C2 = 1/2. If necessary, functions B
(2)
I,t (t) with I > 3 are added
to express the above B
(2)
t (t). The above localized functions B
(2)
I,t (t) with I = 1,2 are defined by
B
(2)
1,t (t) =
1
CB
√
2
Γ(s1/2)
| t
2a1
|(s1−1)/2K(s1−1)/2(a1|t|),
(35)
B
(2)
2,t (t) =
1
CB
√
2
Γ(s2/2)
| t
2a2
|(s2−1)/2K(s2−1)/2(a2|t|),
(36)
where CB is a normalization constant, and a1,a2,s1,s2 are constants to give localization properties in the time coordinate t
and corresponding spectrum properties in the coordinate of cosmic-ray energy Ec as mentioned below. The function Kν (t), in
which the conventional notation ν in this case refers to real number and ν = (s1−1)/2= s1/2−1/2 or ν = (s2−1)/2, is the
modified Bessel function [52] written by
Kν (t) =
pi
2
I−ν(t)− Iν(t)
sin(νpi)
, (37)
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where
Iν(t) = (
t
2
)ν
∞
∑
n=0
(t/2)2n
n!Γ(ν + n+ 1)
, (38)
with Γ being the gamma function. The function |t|νKν in Eqs. (35)-(36) has the following localized properties for basis
functions: Near t = 0,
|t|νKν(t)≈ |t|ν pi
2
1
sin(νpi)
(
t
2
)−ν
1
Γ(−ν + 1)
= constant, (39)
while in the limit as t → ∞, the function vanishes, leading to
|t|νKν (t)≈ |t|ν
√
pi
2t
exp(−t). (40)
In Eq. (34), the condition B
(2)
t (0) = 1 is imposed on the absolute square of the basis function B
(2)
t (t) = |Bt(t)|2, to simplify the
formulation. Namely, using Eq. (39)
B
(2)
t (0) =C1B
(2)
1,t (0)+C2B
(2)
2,t (0) = 1
=
C1
CB
√
2
Γ(s1/2)
lim
ε→0
[| ε
2a1
|(s1−1)/2K(s1−1)/2(a1|ε|)]
+
C2
CB
√
2
Γ(s2/2)
lim
ε→0
[| ε
2a2
|(s2−1)/2K(s2−1)/2(a2|ε|)]. (41)
By setting C1 =C2 = 1/2, the constantCB is simply obtained from the above Eq. (41).
The functions B
(2)
I,t (t) with I = 1,2 are then Fourier-transformed by
B
(2)
I,E(Ec) =
1√
2pi
∫ ∞
−∞
dt exp(iEct)B
(2)
I,t (t),
=
2√
2pi
∫ ∞
0
dt cos(Ect)B
(2)
I,t (t). (42)
The last term of the above equation, reduced to the Fourier cosine transform, may be divided by the factor 2, depending on the
required condition. The above functions B
(2)
I,E with I=1,2 as well as B
(2)
E corresponding to B
(2)
t in Eq. (34) are expressed by
B
(2)
1,E(Ec) =
1
CB
1
[(a1)2+(Ec)2](s1/2)
, (43)
B
(2)
2,E(Ec) =
1
CB
1
[(a2)2+Ec)2](s2/2)
, (44)
B
(2)
E (Ec) =C1B
(2)
1,E(Ec)+C2B
(2)
2,E(Ec). (45)
For the inequalities a1 << a2 and s1 > s1, the functions in the above equation have the form B
(2)
E ≈ B(2)1,E ∝ (Ec)−s1 for
a1 ≤ Ec ≤ a2, while B(2)E ≈ B(2)2,E ∝ (Ec)−s2 for a2 ≤ Ec. (The function B(2)2,E is small for Ec ≤ a2 due to a1 << a2, while with
the condition s1 > s2, the function B
(2)
1,E falls rapidly compared to B
(2)
2,E for a2 ≤ Ec).
Here, the constants are set as a1 = 3× 1015 eV, a2 = 3× 1018 eV, s1 = 3.0 and s2 = 2.6. The theoretical energy spectrum
then reproduces the experimentally observed energy spectrum of cosmic rays as ≈ (Ec)−3.0 between the knee energy at about
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3× 1015 eV and ankle energy at about 3× 1018 eV, and it also reproduces the spectrum ≈ (Ec)−2.6 beyond the ankle energy.
Thus, the experimental energy spectrum of cosmic rays is reproduced by the present quantized space-time element theory. For
energies beyond about 5× 1019 eV, a drop of the energy spectrum may appear due to the Greisen-Zatsepin-Kazumin (GZK)
limit [34, 35]. Namely, cosmic rays originating at places far away from the Earth cannot reach the Earth because of energy
losses via interactions with the cosmic microwave background.
Furthermore, if the distribution of the cut-off energy due to the arbitrary shape of space-time elements is admitted for
the energies higher than the ultraviolet cut-off energy of about 3 PeV, the further deformation of the energy spectrum might
be added. In this case, space-time elements (hyper-octahedrons of the space-time continuum) of distributed size might form
random networks. The wave of the cosmic ray might propagate through the random network composed of distributed high-
energy (or short length) cut-off energy regions of elements. If the propagation along the path is like a fiber cable, the cosmic
ray might change direction, resulting in the somewhat difficulty in identifying an initially emitted starting source point in some
cases. Concerning the spectrum for energies less than the ultraviolet cut-off energy at the knee, a trial view of this study is
given in Appendix.
Here, this section finally presents descriptions about the mass composition of cosmic rays. Roughly protons are the main
component of the experimentally observed all-particle spectrum, and each proton with the Fermi-Dirac statistics occupies
solely one state with the energy level and the spin. Then, the observed all-particle spectrum roughly indicates properties of
the spectrum of basis functions in our theory given in this paper. The main peaks of cosmic rays at low energies around
102 MeV depend on composite nuclei of elements such as hydrogen, helium, iron, and so on, and the peak energies shift
upward with increasing charged nuclear number denoted by Z [53, 54]. This spectrum shift may be due to the applied field
in acceleration and may depend on Z of the nuclei. Heavy nuclei of elements such as iron have a tendency to be accelerated
toward high energies prior to light nuclei such as protons. In the energy spectrum of all particles, which may be regarded as an
ensemble, a break referred to the knee appears at about 3 PeV, which corresponds to the intrinsic ultraviolet cut-off energy of
the present theory in this paper. The experimentally observed spectrum yields some fall-off of the component of light nuclei
such as protons around the knee [55, 56]. The present theory attributes this fall-off to the scattering of the cosmic-ray wave
function from a somewhat disordered lattice of space-time elements composed of arbitrary-shaped hyper-octahedrons around
the ultraviolet cut-off length, which is the inverse of the cut-off energy. (This attribution is based on the diffuse scattering
from a disordered lattice observed in the solid state physics.) This scattering occurs around the ultraviolet cut-off energy (knee
energy) contained as a resonant main quantity a1 in the first squared basis function B
(2)
1,t (t) in Eq. (34) (and Eq. (43)), where
a1 is the quantity described in the beginning of the paragraph below the paragraph including Eq. (45). The appearance of a1
above is due to the fact that the basis function is expressed in terms of (the ultraviolet cut-off energy) × (integer) at which
spectrum breaks can occur, by analogy to the solid state physics.
We study the above diffuse scattering using a model in which an elementary particle such as a neutrino or a nucleus of
elements such as iron with mass mc in cosmic rays is scattered from an effective artificial impurity with mass mR, representing
the local disordered lattice. (In the disordered lattice, fields such as electromagnetic and gravitational fields may exist.) The
scattering angle θC of an elementary particle or a nucleus in cosmic rays in a center-of-mass frame satisfies the following
relation
tan(θL) =
sin(θC)
mc/mR+ cos(θC)
=
tan(θC)
(mc/mR)/cos(θC)+ 1
, (46)
where θL is the corresponding scattering angle in a laboratory system, transformed from θC. For mc = 0, the relation of Eq.
(46) is reduced to tan(θL) = tan(θC). In this case, the scattering angle of a light particle in cosmic rays takes arbitrary values.
In the case of mc > 0 and the scattering angle of a heavy nucleus in cosmic rays in the laboratory system being not so large to
satisfy θL,θC < pi/2, the relation of Eq. (46) yields tan(θL)< tan(θC), that is, θL < θC, and this relation becomes θL << θC for
large mc. These results show that the scattering angle of an elementary particle and a light nucleus in cosmic rays is larger than
that of a heavy nucleus such as an iron nucleus. This implies that elementary particles (such as photons and neutrinos) as well
as light nuclei (such as protons) in cosmic rays have a relatively large probability to deviate from the straight orbit of cosmic
rays to the Earth than heavy nuclei, such as iron nuclei do. We note that in particular, elementary particles of a negligible or
zero rest mass such as neutrinos or photons will be scattered with large scattering angles from the disordered lattice of the
space-time elements for all energies higher than the knee energy, resulting in the theoretical possibility for no detection of
neutrinos and photons beyond about the knee energy. This feature of the present theory is consistent with the experimental
results that neutrinos and gamma rays are not observed beyond the energy about the knee energy [32], as mentioned in Sec. 1.
As a result, the composite fraction of heavy nuclei in cosmic rays becomes larger just above the knee energy. As the energy
of cosmic rays becomes much higher than the ultraviolet cut-off energy, the fall-off of the component of light nuclei in cosmic
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rays is suppressed, because the cosmic-ray energy is away from the energy scale of the ultraviolet cut-off energy a1 contained
in the first squared basis function B
(2)
1,t (t) in Eq. (34).
Additionally, the similar fall-off of the component of the light nuclei in cosmic rays can also arise near the ankle energy
at about 3× 1018 eV. In this case, the scattering can be caused by the disordered lattice of space-time at the ankle energy
scale contained as a resonant main quantity a2 in the second squared basis function B
(2)
2,t (t) in Eq. (34) (and Eq. (44)), where
a2 is also the quantity described in the beginning of the paragraph below the paragraph including Eq. (45). In the above
case a2 appears, because the energy of the ankle in the present theory can be approximated by (ultraviolet cut-off energy) ×
(integer), where (ultraviolet cut-off energy)=(inverse of lattice spacing) and (integer) in this case satisfies (integer)=(energy of
the ankle)/(ultraviolet cut-off energy). Then, the composite fraction of heavy nuclei in cosmic rays increases above the ankle
energy, and decreases again beyond these energies. Consequently, the fall-off of the component of light nuclei such as protons
in cosmic rays arises around the knee and ankle. Namely, at these energy scales, the composite fraction of heavy nuclei in
cosmic rays increases. These results are compatible with the experimentally observed composition of cosmic rays [55, 56]. In
summary here, the diffuse scattering of cosmic rays by the disordered lattice of the space-time elements, obtained by dividing
the space-time continuum, theoretically leads to the knee. This diffuse scattering causes large scattering angles of particles
with a tiny/zero rest mass. Thus, this theory is consistent with the absence of any experimental detection of neutrinos and
photons for energies beyond about the knee energy.
4 Conclusions
In conclusion, this article investigated in detail the relation of the present quantized space-time element formalism of field
theory, which removes ultraviolet high-energy contributions by using the ultraviolet cut-off energy, with the experimental
cosmic-ray data. The formalism distinguished a new cut-off energy in Minkowski space from the Euclidean cut-off energy,
which was derived from the Higgs self-energy contribution to the cosmological constant. Using current particle and cosmolog-
ical data, a comparison of the theoretical cut-off energy in this work with the experimentally observed spectrum of cosmic rays
in the literature found a possibility that the cut-off energy corresponds to the experimental spectrum break at the knee of about
3 PeV in the case for the fixed cut-off energy. The origin of cosmic rays with energies less than about 1 PeV is understood by
astrophysical studies, while the origin for energies higher than about 3 PeV is not clear. If the additional energy contribution
from basis functions is considered by analogy to solid state physics, the tail may emerge in the energy spectrum beyond the
ultraviolet cut-off energy. Because the energy spectrum of the present theory in this high-energy regime is due to the contribu-
tion from the basis functions, the linear combination of two basis functions employed reproduced an enhanced steep spectral
index of the slope for energies between the knee at 3× 1015 eV and the ankle at 3× 1018 eV and reduced the spectral index
above the ankle energy. The diffuse scattering of cosmic rays by the disordered lattice of the space-time elements, obtained
by dividing the space-time continuum, causes the knee. The above diffuse scattering gives rise to large scattering angles of
particles with a tiny/zero rest mass. The feature of the present theory is consistent with no detection of neutrinos and photons
beyond about the knee energy. Furthermore, if the distribution of the cut-off energy due to the arbitrary shape of the space-time
elements exists for energies higher than about 3 PeV, some deformation of the energy spectrum might be added. In this case,
the cosmic rays might propagate along a random network, making an initially emitted source point ambiguous in some cases.
Appendix Spectrum for energies less than the ultraviolet cut-off energy at the
knee
This Appendix presents a trial view concerning the spectrum for energies less than the ultraviolet cut-off energy at the knee.
As previously mentioned, the main objective of this paper is not to propose a new mechanism of the spectrum for energies
less than the cut-off energy at the knee. Although the energy spectrum in the form of a power law (Ec)
−s with the cosmic-ray
energy Ec and spectral index s below about 10
15 eV is described by the diffusive shock acceleration model, with the obtained
spectral index of 2 being smaller than the experimentally observed value of about 2.7. Other mechanisms are proposed to
present the additional spectral index α to the index 2 of the diffusive shock acceleration. However, the dominant mechanism
has not yet been specified. The present paper tries to examine the mechanism of the spectral index α added to the index 2
of the diffusive shock acceleration model for the cosmic-ray spectrum, yielding the total spectral index s = 2+α . The total
spectrum is a product of (spectrum with spectral index 2) × (spectrum with index α). The system process that produces the
spectrum with the spectral index 2 may be the diffusive shock acceleration, while the physical quantity with the additional
spectral index α is not clear. Using the Fourier deconvolution/convolution, this study provides a trial view on the mechanism
of the additional spectral index α . The spectrum of particles such as protons given by the diffusive shock acceleration is
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written as
g(Ec) =
1
(a0)2+(Ec)2
, (A.1)
where a0 takes a small value less than the peak energy E0 at low energies. This spectrum as a function of the cosmic-ray energy
Ec has the form g(Ec)≈ (Ec)−2 with a spectral index s = 2 for energies higher than the peak energy, denoted as a0 ≤ E0 < Ec.
Using Eq. (A.1), the observed modified spectrum ρ(Ec), with the spectral index s = 2+α for a0 ≤ E0 < Ec, has the form
ρ(Ec) =
1
(a0)2+(Ec)2
1
(Ec)α
= g(Ec)u(Ec), (A.2)
with
u(Ec) =
1
(Ec)α
. (A.3)
To see the physical meaning, the energy-dependent functions ρ ,g,u describing energy spectra in Eqs. (A.1)-(A.3) are
expressed by functions ρt ,gt ,ut in the time coordinate, respectively, using the following (Fourier or essentially equivalent
inverse) transform
ρt(t) =
1√
2pi
∫ ∞
−∞
dEc exp(−iEct)ρ(|Ec|), (A.4)
gt(t) =
1√
2pi
∫ ∞
−∞
dEc exp(−iEct)g(|Ec|), (A.5)
ut(t) =
1√
2pi
∫ ∞
−∞
dEc exp(−iEct)u(|Ec|)
= 2
1√
2pi
∫ ∞
0
dEc cos(Ect)u(Ec) ∝
1
|t|1−α for 0< t.
(A.6)
According to the Fourier transforms, the above equationsmay be divided by a factor of 2, depending on considering conditions.
Using Eqs. (A.1)-(A.6), the convolution formula of the Fourier transform provides the relation
ρt(t) =
∫ ∞
−∞
dt ′ gt(t− t ′)ut(t ′). (A.7)
As an example, in Eq. (A.6) the above Fourier inverse transforms may be reduced to the Fourier cosine transforms. In the
above relation, gt looks like the Green function for ut(t
′) = δ (t ′) with δ (t ′) being the Dirac delta function. Furthermore,
ut(t) ∝ 1/(t
1−α) = 1/(tβ ) in Eq. (A.6) has the same form as the shock-wave mean velocity given by the Sedov solution [57]
for an explosion of a point object centered at the spherically symmetric coordinate origin with t = 0. For the Sedov solution,
β = 1−α = 3/5, resulting in α = 2/5, which may be roughly approximated to 0.5. This Sedov solution yields a certain amount
of contribution, with other contributions from, for example, the possible interstellar diffusion different from the diffusive shock
acceleration, to the experimentally observed additional spectral index α ≈ 0.7, which may be roughly approximated to 0.5.
If ut in Eq. (A.6) is regarded as the mean value of the shock velocity, the number rate of material particles such as protons
entering the shock is proportional to ut× (the density of material particles swept by the shock). This rate is regarded as the
acceleration rate with the additional spectral index α . Then, Eq. (A.7) essentially indicates that ρt ∝ (produced number rate of
accelerated particles by the shock) with the spectral index s = 2+α; ut ∝ (number rate of particles that enter the shock) with
the additional indexα; and gt is the system function of the diffusive shock acceleration with the spectral index 2. Consequently,
ρt(t) provides the corresponding energy spectrum of cosmic rays. Namely, the derived relation states that a certain amount of
additional spectral index α (with other contributions from, for example, the possible interstellar diffusion different from the
diffusive shock acceleration) to the index 2 of the diffusive shock acceleration in Eq. (A.2) may be due to the acceleration
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rate. This rate is proportional to the shock-wave mean velocity ut , given by the Sedov solution, depending on the time delay
(interval/distance), for the acceleration from an explosion time of a star, which leaves remnants.
Moreover, it is pointed out that the energy gain of cosmic rays from the innergalactic acceleration may not be sufficient to
reach the knee energy. If the quantum transition of energetic particles such as protons from high energy levels to low energy
ones is taken into account, the tail of the Lorentzian spectrum for the quantum transition in the form of a polynomial (Ec)
−2
may also reach the knee at the ultraviolet cut-off energy.
In summary, since the spectrum below the ultraviolet cut-off energy is understood by astrophysical studies, the present
study in this Appendix tried to derive a spectral index, which is not the main purpose of the present article, using the decon-
volution/convolution of the Fourier transform. In the energies below the cut-off energy, a certain amount of contributions with
other mechanisms enhances the spectral index of the slope from a value of 2 for the diffusive shock acceleration. The trial
found that this spectrum index enhancement may be due to the decreasing acceleration rate by the shock as a function of the
time from a star explosion of a supernova. By considering cosmic rays from the whole universe and/or the tail of the quantum
transition spectrum, the spectrum in this low-energy regime may reach the ultraviolet cut-off energy at the knee.
We finally add a note concerning a small volume element of two reference frameswith coordinates (t,x,y,z) and (t ′,x′,y′,z′),
where one system is relatively moving in the x (x′) direction. It is well known that despite the length contraction in the x direc-
tion and time dilation in relativity, dtdxdydz is invariant, namely dtdx is invariant in the present case [47]. Independent of the
ultraviolet cut-off energy such as about 3 PeV or Planck energy, it will be available to use the present formalism in terms of
localized functions defined in the individual space-time element of an arbitrary shaped hyper-octahedron obtained by dividing
the space-time continuum, meaning the space-time quantization for classical and quantum cases.
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